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1. Teaching Geometry of Gauge
Theory

• Defined by symmetry group

• Similarities to geometry

Object General Relativity Gauge Theory

Covariant ∇σV
α = (δα

µ∂σ + Γα
σµ)V

µ Dµφ
a = (δa

b ∂µ − iqAµ
a
b)φ

b

Derivative

Connection Γα
σµ −iqAµ

a
b

Coefficient

Curvature R λ
µν σV

σ = ([∇µ,∇ν]V )λ −i Fµν
a
bφ

b = ([Dµ, Dν]φ)a

Tensor

• Visualize the geometry?
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2. Preview

• Visual use of an old tool.

♦ Narasimhan and Ramanan [1, 2], Atiyah [3], Dubois-
Violette and Georgelin [4], Cahill and Raghavan [5]

• Today’s Focus:

• Quantum-mechanics with Electromagnetism

• Introduce embedding and curvature

• Embed a Gauge Theory

• See why:

• 1
2
~E2 is “kinetic” energy

• 1
2
~B2 is “potential” energy

• Geometry examples: solenoid, plane wave

• Charge

• Acceleration
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3. Embedding & Curvature
• Embedding makes geometry simple.

• Curvature is R = θ
Area =

π/2
4πr2/8

= 1
r2
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4. Embedding Gauge Theory
• Embed gauge theory also makes understanding sim-

ple.
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Gauge embedding fiber:

Space-time base manifold

vector space
spanned by
gauge basis
vectors that
changes
orientation at
each point in
space-time.

Local
gauge
fiber:

Trivial vector bundle at each point in
space-time, prallel transport compares
vectors at different space-time coordinates.

e j
a

Gauge basis vector:

Wave-function
φ j a=       φe j

a

j
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• A close up of the geometrical objects at each space-

time point.

1
2

3

e j
1

e j
2

φ j

Gauge
embedding fiber:

Vector space
spanned by gauge basis
vectors that changes
orientation at each point in
space-time.

Local
gauge fiber:

Trivial vector bundle at each point in
space-time, prallel transport compares
vectors at different space-time
coordinates.e j

a

Gauge basis vector:

Wave-function
φ j a=       φe j

a

1
2

3

e j
1

e j
2

φ j

• Matter vector field is a wave-function

• Gauge choice is choice of basis vectors
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5. Magnetic Fields

•Bz = θ
∆x ∆y
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• ~B is a measure of curvature at a fixed time
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6. Electric Fields

•Ex = θ
∆x ∆t

x

t

Wavefront-2

Space-time base manifold

1
2

3

e j
2

e j
1

φ j

1
2

3 e j
1

e j
2

φ j
1

2

3

e j
2

e j
1

Path

Path

Wavefront-1

3

e j
2

e j
1

φ j

1
2

∆

∆

start
φ j

x

x
t

t

A
A

B

B

• ~E is a measure of change of the curvature as time

goes by.
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7. Geometry examples
• Geometry of an infinite solenoid

Solenoid Cross Section
1.5 Tesla, 25 nm Radius
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• Disadvantage of embedding

• Map ~E and ~B to an embedding is not unique.

• Both diagrams depict the same magnetic field

strength

Solenoid Cross Section
1.5 Tesla, 25 nm Radius
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• Geometry of an infinite plane wave

Y Polarized Plane Wave Traveling in +x direction
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• Show animations
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8. Charge

• Wave-function rotation determines charge

k

Positive charge
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9. Acceleration
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• Imagine negative (CCW) rotating wave-function

moving +ŷ

• Curvature aids the rotation on left side of wave-

function

• Wave-front tilted left
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• Example of negatively charged wave-function in

constant ~Bz

Negative SO2 scalar field wavepacket in a 1 Tesla background magnetic field

Basis vectors reflect Ax=-Bo y [
0 -i
i 0

]

30
35

40
45

50
55

60
65

70x nm

0

10

20

y nm

30
35

40
45

50
55

60
65

70x nm



Teaching Geometry of . . .

Preview

Embedding & Curvature

Embedding Gauge Theory

Magnetic Fields

Electric Fields

Geometry examples

Charge

Acceleration

Conclusion

J I

Page 15 of 17

Go Back

Full Screen

Quit

• Example of negatively charged wave-function in

constant ~Bz

Negative SO2 scalar field wavepacket in a 1 Tesla background magnetic field

Basis vectors reflect Ay=Bo x [
0 -i
i 0

]

30
35

40
45

50
55

60
65

70x nm

0

10

20

y nm

30
35

40
45

50
55

60
65

70x nm



Teaching Geometry of . . .

Preview

Embedding & Curvature

Embedding Gauge Theory

Magnetic Fields

Electric Fields

Geometry examples

Charge

Acceleration

Conclusion

J I

Page 16 of 17

Go Back

Full Screen

Quit

10. Conclusion

• Embedding gauge theory makes geometry simple

• Visualize fundamental components

• Gauge invariant objects

• Lorentz invariant objects

• Symmetry among forces

• Represent vs Define

• “Represented” gauge theory with geometry

• “Define” gauge theory geometrically has other

interesting consequences.

• For more information: /hep-th/0205250
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